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reface 


This text is designed for a standard college calculus sequence for students in 
the physical or social sciences. Such a sequence typically spans three semesters 

mathematics courses present so much new material at such a rapid pace: this 
poses a real challenge for the instructor. There is seldom enough time in the 

In this text, I have made every effort to present calculus as clearly and 
intuitively as possible. Subtle points and proofs of difficult theorems have 

for the subject, and on secure technical competence. The features mentioned 
below arc typical of my efforts to meet this challenge and lo provide a really 

I introduce the derivative promptly, as opposed to some texts that spend 
the first hundred pages on preliminaries. So much calculus has to be learned 

for study and review. 
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+ (n(w - 1 )/2)x? j (Ax) 2 4 
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The derivative of a product is the first times the derivative of the second. 
































































































































































































































































the 

trigonometric 

functions 






















































































































applications 
of the 
derivative 
































































































































I in [—i.2] by /(i) = 


Thus f(x) = 0 for x = -: 
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Properties of tal theorem, we prove three properties of the integral, given in Eqs. (1), (2) 
the integral and (3). Properties (1) and (2) parallel properties of the derivative. When 
the properties are stated in words, the parallel is striking. You can take your 
choice of “derivative” or “integral" in the following: 




jdemjatieej ^ 






| (fix) + «(*)) dx = £ f(x) dx + | g(x) dx, 

| c ■ f{x) dx = c • J fix) dx for any constant c, 

| fix) dx = | fix) dx + | /(x) dx for any h in [a, 6], 


(2) 

(3) 



*.<f + g) = ^ (l (JM + g(x,))) 

= (l /(*.)) + g(*)) 

= sf„(/) + y B (g). 
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(/(*) + g(x))dx = Urn Sf„if + g) = lim (Sf„(/) + y„(g)) 
= lim y„(/) + Jim y„(g) 

= J[ fix) dx + | g(x) dx. 


interval where f(x) is continuous.) Then if you set b a. you would have 
0 = [ f(x) dx = [ fix) dx + [ fix) dx. 


e motivated by (5) to define ft fix) dx if b > a by 


\° fix) dx = -J fix) dx. 





























170 






( 11 ) 


1 = fit) since f is continuous. We combine (9) 
I fW dx 


This concludes our demonstration that Fit) = /(r), which is an important 

Theorem 6.4 (Fundamental Theorem, Part 1). If f is continuous in [a, f>] and F(t) = 

ia f(x) dx, then F is differentiable and Fit) = fit). That is. 

j t {\[ /<*>*)-/«. 

-(I ' lx 2 + 1 dx) = -Jl 2 + 1, 


for you can take fix) - -Jx 2 + 1 and Fit) = fix) dx in the theorem. 
Using properties of the integral as well as Theorem 6.4, you find that 

We now continue our explanation of (7) as a means of computing 
&f(x)dx. Since Fit) = S'f(x)dx, 

| f(x) dx = Fib). (13) 

But Fia) = l‘fix)dx = 0, so you can write (13) as 

J fix) dx = Fib) - Fia). (14) 

Now Theorem 6.3 asserted that (14) is true for any antiderivative of 
fix), not just our integral function F. Let G(x) be any antiderivative, so 
G'(x) = fix). Since Fix) and G(x) have the same derivative fix), vou know 
that Fix) = G(x) + C for some constant C, and 

| fix) dx = Fib) - Fia) = [Gib) + C] - fG(a) + C] = Gib) - Gia). 
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fix) dx = F(a) - F(b) = -[F(b) - F(a)] = - f f(x)dx, 
which is another reason for our definition in (6). 

SUMMARY Let f(x) and g(x) be continuous in [a, b], 

1. | (f(x) + g (x))dx = | fix) dx + | g ix)dx 

2. | c • fix) dx = c • J /(x) dx for any constant c 

3. | f(x)dx = | /(x)dx + J for any h in [a, b] 

4. j“f(x)dx=- f f(x)dx. 

5. (Fundamental Theorem of Calculus) 

a) £(f f(x)dx) = fit). 

b) If Fix) = fix), then J fix) dx = F(b) - F(a). 
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where we used only one arbitrary constant C and replaced -C by C again in 





SUMMARY 


1. The general antiderivative of fix) is also known as the indefinite integral. 
IfWdx. 

S (f(x) + gW) dx = f f(x) dx + i g(x) dx 
5 c • f(x) dx = c ■ f f(x) dx 



J sin u du — —cos u h 
fcosudu = sin u + 

S sec 2 u du = tan u + 
Jcs cudu = -cotu 




(including dy) can be put on the left side of a 
l all the x terms (including dx) on the right, to 


g(y) dy = f(x) dx 


| R(y) dy = | f(x) dx + C, 
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f in«)-g(«)i*i 


























































































= U2a’ - la 1 ] = la\ || 








































































































































































62.4s(2xdy) = 62.4(16 - y)2-/y dy = 124.8(16y l/J — y ,n ) dy. 

J ' 124.8(16y ,a - y vl )dy = 124.8(16(l)y 3/2 - fy 5 ' 2 )] 

= 124.8(16(1)64 - (|)1024) - 0 
= 124.8(1024)(| - |) 

= 124.8(1024)^ = 34.078.72. 
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illustrations of the whole technique. 




















































































































































Exercises 303 

3. Since d(tan x) = sec 2 * dx, of course j tan x sec 2 * dx = (tan 2 x)/2 + C 
YUUUUUMMMMMMMMMMMM! 

SUMMARY 1. Odd powers of sin x can be integrated by "saving" one factor sin x to 
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is the sequence of partial sums {s„} where 
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SUMMARY 1. l imits of sums, products, quotients, and exponentials involving two func- 



symbolic illustration, ln(0") = (>(ln 0) = 0(-»). 


3. Let f and g be analytic at a and let a, and b , be the first nonzero coefficients 

.. fM _ j. Or(x ~ a)' 

«—*g(x) «-« b,(x - a)’ ’ 

g'(x)¥= 0 for x # a in that neighborhood. If lim, [/'(x)/g'(x)] exists, then 
lim.-Jf(x)/g(x)] exists, and lim, f/(x)/g(x)l = lim, [f <x)/g'(x)l. 

5. The I'Hopital's Rule procedure can be used to find limits of ®/<»-fype 


EXERCISES 











write (1) in the form 







































































t , , 6(|) - 6(0.52353) = 3.14118 
si 6(0.(8)260) - 0.01560, Since the val 
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SUMMARY 1. To find the area of , 
step 1. Draw a figure. 

























Now tan <t> = dy/dx, and from the parametric equations 

x = rcos0 = f(0) cos0, y = rsinfl = f(6) sin 0, 


dyldO r cos ft + ( dr/dt)) sin 0 
dx/dB - r sin 0 + (dr/dt )) cos 0 ' 




r cos 2 0 + (dr/dO) sin 0 cos 0 + r sin 2 0 - (dr/dt)) sin 0 cos 0 
-r sin 0 cos 0 + (dr/dO) cos 2 0 + r sin 0 cos 0 + (dr/dt)) sin 2 0 

drldO ' 


I i (a, ir/2). 




















arc length of a smooth polar curve r = f(0) from (r,, 0,) to (r 2 . 0;) to be 
I"' -J(drld9f + r 2 dO. (6) 

For a careful derivation of (6), simply note that the polar curve r = f(0) 
is defined parametrically by 

y = rsinfl = /(0)sin0. 
and use the parametric formula 

ds = -J(dxldO ) 2 + (dyldO) 1 dO. 

We have 

= - f(0 ) sin 0 + f(fl) cos 0. 

= /(0) cos 0 + f{0) sin 0, 


ds = Adx/dO) 2 + (dy/dfl) 4 dd 

= V(/(#)) 2 (sin 2 fl + cos 2 0) + (f (0)) 2 (sin J « + cos 2 0) de 

= -Jfmf + wm^do ^ 1 

= Vr 2 + (drldO? dO. 

Example 2 Let's find the length of the spiral r = 0 shown in Fig. 13.11 from 0 = 0 to 
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Of (a,b), 
of (x, y). 


of (a, b, c). 


of (x, y, z). 


gthy notations such 
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|t>| = ds/dt, you obtain, from (7), 






r = h(l)i + k(l)j + g(t)k. 






ds = V(dx) z + (dy) 1 + (dz) 2 = Adxjdl) 2 + (dyldtf + ( dzldt) 2 di. 

Thus (11) gives the differential of arc length for a space curve; the lengtl 
s(t) = | -J(dxldt) 2 + (dyldt) 2 + (dz/dt) 2 dt. I 


f (dyldt) 2 + ( dz/dt) 2 = —. 
in given by (7), and (8) is still valid. 
























e parametric equations x = h(t), y — k(t ) of a plane 
I = k(t). z = g (t) for a space curve, where all the 

(t)i + k(t)/ for a plane curve, 

(f)i + k(t)f + g(r)k for a space curve. 

~ ~ "T 1 + J f ora Pl ane curve. 






































































520 

























































































































































































r 


differential 
calculus 
of several 
variables 

















































































































































16.3 THE DERIVATIVE If z = f(x, y). then dflBx and df/dy give the rates of change of f(x, y) in the 
AND DIFFERENTIAL coordinate directions. The vector 


































Ay)-f(x,y) 

f Ay) - /(*,’ y + Ay)] + ff(x, y + Ay) - f(x, y)]. (6) 


f f(x + Ax, y + Ay) - f(x, v 


f(x + Ax, y + Ay) - /(x, y + Ay) = /.(x, y) • Ax + «, • Ax. (7] 
Using the Mean-Value Theorem on g(x) = /(x, y + Ay) for y and Ay helc 

e, = /.(c, y + Ay) - /.(x, y) where c is between x and x + Ax. 
Since f, is assumed to be continuous, you see that 































estimate fix + £x) = fix) + fix) Ax becomes, in 

/(x + dx) •» f(x) + fix) dx (13) 

dx. Now let y = fix) = f(x,,x 2 ) be a differentiable 


flx + dx)~ fix)+f'ix)-dx. (14) 

This time dx (dx,. dx 2 ) and /'(x) = (/„./„). Of course, (14) also holds for 
a differentiable function y = f(x) = fix,, x 2 , x,). 

In summary, the familiar formulas from differential calculus of one variable 





f( 3.9,6.05,0.2) - f(x) + fix) • dx = (16 + 6) + (8, 1,6)-(-0.1.0.05,0.2) 
= 22 + (-0.8 + 0.05 + 1.2) = 22 + 0.45 = 22.45. || 


SUMMARY if z = f(x, y), then we let f'(x, y) = (dz/Sx, dz/dy). If y = fix) = 

dz = fix, y)dx + fyix, y) dy. 

fix + Ax, y + Ay) - fix, y) 

= f,ix, y) Ax + fyix, y) Ay + e, ■ Ax + e 2 • Ay, 








































































































this direction is therefore 


solution A vector in the direction from (1.2) to (0.0) is -I - 2/', s 

|j<1.2)-(2* + 3yl| -14 

~ (1,2) — 6xyl -12. 
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+ FjU. y)^) ds = £ [F|(x, y) dx + F 2 (x, y) dy] 



















X = hit), y = kit) for a s r s b, so (x. y) - \h(t). kit)). Also, let* 0(1. y) 
be such that dG = Mix, y) dx + Nix, y) dy. Then 

| Af(x, y) dx + JV(x, y) dy = J | Mix, y) ^ + Nix, y)^j dt 
= [ ^ (Gihit), k(t))) dt 
= Gihib).kib))-Gihia),kia)). 

It can be shown that independence of the path for J, Mix,y)dx + Nix, y) dy 
implies that the differential is exact; i.e., independence of path holds if and 
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J J £ f{x,y,z)dzdydx 

III f(x.y.z)dxdzdy. 













































r.irjcia ■ 












region G of the plane whose boundary is a smooth curve of finite length. 
The integral jj a f(x, y)dxdy of f over G is the common value 

11 ^ = s " = ,im = lim S - 
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2 i \ a ' >l rdrd9,= 2 \"\ r2 } de = + cos0) J dO 

= (o + 2 sin 0 + | + 

- + — - — 

Note that the integral 2ft (1/2)(1 + cos 0) 2 dO in our computation is the one 





a region G in space; we are interested in the integral of h(t,9, z) 

IH h(r, 0 , z) ■ r dr dO dz. 




polar coordinate formula (3). 
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ll» { ‘ y)dxdy -[ 


the plates per unit time due to Q(x, y)j. 


f f [r («. y) + y) 1 * dy - f M “ ^ ,he regi “ (6) 

j j a idx dy J l between the plates per unit time. 

Comparing (5) and (6), you have 

| £ (*• + (*• y>] dx dy = | [P(x, y) dy - QU, y) dx], (7) 

which is again a relation of the form (1). Equation (7) is known as Green’s 




















































Exercises 663 

2. ( Green’s Theorem ) If P(x, y) and Q(x, y) are continuously differentiable 
throughout a suitable plane region G with boundary BG, then 

£(Pd»-0«.JJ o ^ + 55)*dy. 






































| [P(x, u(x)) - P(x. t>(x)) 
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(see Chapter 17, Section 17.5, Exercise 14). Symbolically, we write BG, = 
Yi + y 3 and BG 2 = y 3 ~ y 3 . In view of (5), we have symbolically 


t + i=L + t,-l + L + H, 


-f -£. (6) 

£ (Pdx + Od,). J£ (71 


£ (Pdx + Qdy) - | f -^Jdxdy. (8) 

Adding Eqs. (7) and (8), you see from (6) that 

£(P* + Qdy)-J£ 






£(P* + Ody)-|J 0f-^)*dy. (9) 
















We also stated in Chapter 17. Section 17.3, that 
am y = aoiax. 



+ Ody) 
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1 I ^ Xi + y fl‘(~*H dydx = { { Odydx =0. 


The integrals over the triangles in the x 
similarly zero. 

determined by the points (1.0,0), (0,2, 


"U 


2(2 - 2x) - x(2 - 2x) - ^(2 - 2x) 2 


f (5) are equal to 4/3, illustrating the Diverger 






















L ,r ' ,id ‘ *JL (^-^) dxjy - 












































































































differential 

equations 





























































































!£•»« 



nilics. | 














































r 




699 


has differential 3x 2 ydx + (x’ - y)dy, so the general solution of our cqua- 







F(x. y) = 


-M(x, y) 
N(x, y) 


M(x, y) dx + N(x, y) dy = 0, 
G(x,y) = C. 


y = h(x ),' 


From (13), wc obtain 


dGIdx = M{x.y) 
aG/fly N(x,yY 


(13) 


Mix, y) 


e let n(x, y) be the c< 


N(x, y) 




(14) 


— = Jt(x, y)M(x, y) and — = n(x, y)N(x, y). (15) 

tx(x, y)M(x, y) dx + ji(x, y)iV(x, y) <fy = 0, (16) 


equation M(x. y) dx + N(x, y) dy = 0 if 


ft(x, y)N{x, y) dy =0 

















(l/y 2 )/(*/y). To "eliminate” the y 1 from xy 
(l/y 2 )(x/y) 2 as integrating factor, and obtain 
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o' = p(x)g(x), 
v(x) = e"’ , “ d ‘. 


(Observe that n(x) is continuous and p.(x) #0.) To see that p is ind 


= nU) • y, 


(4) 

(5) 


(6) 


o' = ^Wx))T + P-(x)*y' = — + Wx)-»1 

- [(J;)J pWdx-e" 0 ""-*] + M*)-/] 

= p(x)|i(x)y + fi(x)y', 

which is Eq. (3). Thus multiplying Eq. (2) by our p,(x), we obtain 

o' = (d(x)y)' = p(x)g(x), (7) 

p.(x)y = Jp.(x)g(x)dx. (8) 

y^W* 00 *- (9) 

If we take p(t)g(t) d* as a particular antiderivative of p(x)g(x), then Eq. 

, -S3[£'‘ (,) ' < ' > ‘' , + c ]- (10) 
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(D - 1)«D - 2)y) = (D - l)(Dy - 2y) 

= D(Dy - 2y) - l(Dy - 2y) 

= D 2 y - D(2y) - Dy + 2y 
= D 2 y — 2Dy - Dy + 2y 
= D 2 y - 3Dy + 2y 
= <D J -3D+2)y. || 

The result in (6) can easily be extended to more than two factors. Since 
of multiplication), we see at once from (6) that 

Qi(D)(Q 2 (D)y) = 0 2 (DKO,(D) y) (7) 


P(D)y = 

where P(D) is a product of distinct linea 
P(D) = (D- r,)(D - 
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